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Abstract. Given a map /: M — > N of closed topological manifolds wc define 
torsion obstructions whose vanishing is a necessary condition for / being ho- 
motopy equivalent to a projection of a locally trivial fiber bundle. If N = S 1 , 
these torsion obstructions are identified with the ones due to Farrell [5]. 

Introduction 

Given a map f:M — > N of closed topological manifolds, we define torsion ob- 
structions whose vanishing is a necessary condition for / being homotopy equivalent 
to a projection of a locally trivial fiber bundle. If N = S 1 , these torsion obstructions 
are identified with the ones due to Farrell [5]. 

The basic idea of the construction is as follows. A simple structure £ on a space 
Y with the homotopy type of a finite CW-complex is the choice of an equivalence 
class of homotopy equivalences X — » Y with a finite CW-complex as domain, where 
we call two such maps fi : Xi —> Y for i = 1, 2 equivalent, if f^ 1 o fx : X\ — > X2 is a 
simple homotopy equivalence. The classical theory of Whitehead torsion for homo- 
topy equivalences between finite CW-complexes extends to homotopy equivalences 
of space with simple structures. 

Consider a map f:M — > AT of closed topological manifolds. Suppose that 
N is connected. Fix a base point y for N. Assume that the homotopy fiber 
hofib(/) of / at y has the homotopy type of a finite CIF-complex. By inspect- 
ing the fiber transport of the fibration nf. FIB(/) — >■ N associated to /, one 
obtains a homomorphism from m(N,y) to the group of homotopy classes of self- 
homotopy equivalences of the homotopy fiber. In the sequel ir(X) denotes the 
fundamental groupoid of a space X and Wh(n(X)) the associated Whitehead 
group. Pick a simple structure on the homotopy fiber hofib(/). If we consider 
the image of the Whitehead torsion of sclf-homotopy equivalences of the homo- 
topy fiber under Wh(7r(hofib(/))) — > Wh(7r(M)), we obtain a homomorphism 
TTi(N,y) — ► Wh(7r(M)). It defines an element 

6(/) GH 1 (iV;Wh(7r(M))). 

Its definition is independent of the choice of base point y G N . 

The element 0(/) depends only on the homotopy class of /. If / is the projection 
of a locally trivial fiber bundle, then the fiber transport is given by homeomorphisms 
and by the topological invariance of Whitehead torsion this implies 0(/) = 0. 

From now on suppose ©(/) = 0. Assume for simplicity for the remainder of the 
introduction that the Euler characteristic x(N) of A is zero. Then one can construct 
a preferred simple structure £(FIB(/)) on FIB(/). This is obvious if the fibration 
FIB(/) is trivial since the cartesian product of a homotopy equivalence of finite 
CIF-complexes with a finite CIF-complex of Euler characteristic zero is simple. 
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The general case is done by induction over the cells of Y using a construction of 
a pushout simple structure and the fact that a fibration over D n is homotopically 
trivial, where Y — * N is some representative of the preferred simple structure 
on the closed topological manifold N. Let fj,f. FIB(J) — > M be the canonical 
homotopy equivalence. Since M is a topological manifold, it carries a preferred 
simple structure. Hence the Whitehead torsion r(/z/) of fXf makes sense, and we 
define a second invariant 

r fib (/) := r( M/ ) G Wh(7r(M)). 

The element Tsb{f) depends only on the homotopy class of /. If / is the projection 
of a locally trivial fiber bundle, then Tsb{f) = 0. 

As an illustration we study the case, where the base space is S 1 and identify our 
invariants with the obstruction of fibering M over S 1 due to Farrell [S]. Notice that 
in this case Farrell [S] shows that the vanishing of the obstructions imply that / 
homotopic to the projection of a locally trivial fiber bundle provided dim(M) > 5. 
For an arbitrary closed manifold N as target of / the vanishing of these obstructions 
will be necessary but not sufficient for / being homotopic to the projection of a 
locally trivial fiber. 

We give a composition formula for rgb- 

We introduce Poincare torsion which is the obstruction for a finite Poincare 
complex to be homotopy equivalent to a simple Poincare complex. 

Finally we briefly give a connection to the parametrized ^-theoretic character- 
istic due to Dwyer- Weiss- Williams [I] and discuss some open questions. 
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1. Simple structures and Whitehead torsion 

In this section we extend the definition of the Whitehead torsion of homotopy 
equivalences between finite CW-complexes to homotopy equivalences between more 
general spaces, namely, spaces with simple structures. 

Let Y be a space of the homotopy type of a finite CW-complex. We call two maps 
fi : X\ — > Y and fa : X2 — > Y with finite CW-complexes as source and Y as target 
simply equivalent if the Whitehead torsion t(/ 2 ' 1 o fx : X\ — » X%) G Wh^J*^)) 
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vanishes. 

m 



(For the notion of Whitehead torsion and Whitehead group we refer to 



Definition 1.1. A simple structure £ on a space Y with the homotopy type of a 
finite CW -complex is a choice of a simple equivalence class of homotopy equiva- 
lences u: X — > Y with a finite CW -complex as source and Y as target. If Y is a 
finite CW -complex, we refer to the simple structure represented by idy as canonical 
simple structure £ C an(Y) on Y . 

Let 




be a pushout of spaces with i\ : Yq — ► Y\ a cohbration. Suppose that Yj has the 
homotopy type of a finite CW-complex and comes with a simple structure & for 
i = 0, 1, 2. Then Y has the homotopy type of a finite CW-complex and there is a 
preferred simple structure £ on Y which we will call the pushout simple structure 
and which is constructed as follows. Choose a pushout of finite CW-complexes 

(1.2) 




together with homotopy equivalences Ui : Xi — > Y representing £j for i — 0,1,2 
such that the maps a\ and hi are inclusions of CW-subcomplexes, the maps ai and 
b\ are cellular and the n-skeleton X n of X is the subspace b\ ((Xi) n j U&2 ((-^2)71) for 
every n > — 1 . The pushout property yields a map u : X — > Y which is a homotopy 
equivalence. Let the pushout simple structure £ be the one represented by u. 

The proof that such a diagram p.2|) together with maps Ui exists and that £ only 
depends on £j and not on the choice of (Xi,Ui) can be found in [T4J, page 74 ff.]. 

Given two spaces (X, £) and (Y, 77) with simple structures, the product simple 
structure £ x r\ on X x Y is represented by crossing some representative for £ with 
some representative for r\. This is well-defined since the product of two simple 
homotopy equivalences between finite CW-complexes is again a simple homotopy 
equivalence. 

Given a homotopy equivalence /: (X, £) — > (Y, 77) of spaces with simple struc- 
tures, we define its Whitehead torsion 



(1.3) 



r(f) 



by v*(t(v 1 o / o u)), where u: X' 



G Wh(7r(Y)) 
> X and u : Y 1 - 



Y are representatives of the 



simple structures, t(tj _1 o / o u) £ Wh(7r(Y')) is the classical Whitehead torsion of 
a homotopy equivalence of finite CW-complexes and ?j* : Wh(7r(Y')) — > Wh(7r(Y)) 
is the isomorphism induced by v. The standard properties of the Whitehead tor- 
sion of a homotopy equivalence of finite CJWcomplexes carry over to homotopy 
equivalences of spaces with simple structure. Namely, we get (see [31 (22.1), (23.1), 
(23.2)], [H Theorem 4.33]) 

Lemma 1.4. (i) Homotopy invariance 

Let f,g: X — > Y be maps of spaces with simple structures. If f and g are 



homotopic, then 



r(f)=r(g); 
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(ii) Composition formula 

Let f : X — > Y and g: Y — > Z be maps of spaces with simple structures. 
Then 



T(g°f)=T(g)+g*(T(f)); 



(Hi) Sum formula 
Let 



X 



Xo 



and 




be pushouts of spaces with a\ and i\ cofibrations. Let jo : Yq —> Y be 
ji o ii — j 2 o i 2 . Suppose that all spaces come with simple structures 
such that X and Y carry the pushout simple structure. Let /j : Xi — > Yi 
be homotopy equivalences for i = 0, 1,2 such that f\oa\ — i\ o f and 
f 2 o a 2 — i 2 o / . Let f : X — > Y be the map induced by the pushout 
property. 

Then f is a homotopy equivalence and 

r{f) = UMr(h)) + (ja)*(r(/ a )) - (jo)*(r(/o)); 

(iv) Product formula 

Let f\ : X\ — > Yi cm<i /a : — » I2 &e homotopy equivalences of path- 
connected spaces with simple structures. Equip X\ x X 2 and Y% x Y 2 with 
the product simple structures. Define i\ : Yi — * Y\ X Y2 to be the inclusion 
of Y\ into Y\ x Y 2 with respect to some base point y 2 £ Y 2 and analogously 
define i 2 : Y 2 ~* Y\ x Y 2 . 
Then 



r{h x f 2 ) - X (Yi) ■ (i 2 )*(r(/ 2 )) + x(^) ■ (<i)*(r(/i)). 

Remark 1.5. Let X be a finite CW-complex. Consider any pushout describing 
how X n is obtained from X n _i by attaching cells 



Equip the two upper corners and the left lower corner with the canonical simple 
structure with respect to any CW-structure. Then the pushout simple structure 
on the right lower corner agrees with the canonical simple structure with respect 
to any CW-structure. 

This is obvious if we equip each S 1 ™ -1 with some finite CW-structure, D n with 
the CW-structure which is obtained from the one on S™^ 1 by attaching one n- 
cell with the identity S n ~ 1 — » S*" -1 , we equip X n -i and X n with given CW- 
structures and each map qi is cellular. The general case follows using the cellular 
approximation theorem, the fact that changing the attaching maps by a homotopy 
does not change the simple homotopy type (see see (7.1) on page 23]) and the 
topological invariance of Whitehead torsion (see [2]). 
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2. FlBRATIONS 

In this section we record some basis facts about fibrations. 

Recall that a fibration p: 23 — > B is a map which has the homotopy lifting 
property, i.e., for any homotopy h: X X [0,1] — » B and map / ': A — > 23 with 
p o f = ho there is a homotopy 22 : X x [0,1] — » 23 satisfying po H = h and 22o = /, 
where here and in the sequel /it(ar) := h(x,t) and H t (x) :— H(x,t). For general 
information about fibrations we refer for instance to (22 page 342 ff.], [2T| 1.7]. We 
mention that we will work in the category of compactly generated spaces [21], [27l 
1.4]. A map (/,/): p — > p' of fibrations p: 23 — > 23 to p' : 23' — » B' consists of a 
commutative diagram 




A homotopy ft : X x [0, 1] — > 23 is called a /i6er homotopy if p o ft, is stationary, i.e., 
p o ft(x, t) — po h(x, 0) for all (x, i) e A x [0, 1]. Two maps /o,/i: A — ► 23 with 
P ° fo — P ° fi are called /i6er homotopic fa ~ p /i if there is a fiber homotopy 
ft: A x [0, 1] — > 23 with fto = fo and h\ = f\. A /j&er homotopy equivalence from 
the fibration p : 23 — > B to the fibration p' : 23' — > 23 over the same base is a map 
of fibrations of the shape (/, id) : p — > p' such that there exists a map of fibrations 
(g, id) with g o f ~ p id and fog ~ p id. The pullback of a fibration p : 23 — > B with 
a map / : B 1 — > 23 

/*23^-^£ 

P/ 

5'— ^23 

is again a fibration py : /*23 — > 23. The elementary proof of the next lemma can be 
found for instance in [23l page 342 ff.]. 

Lemma 2.1. Let p: 23 — > 23 be a fibration. 

(i) Let 22: A x [0, 1] -> 23 6e a homotopy f ~ /i : A -v 23. Lei 22': / *23 x 
[0, 1] — > 23 oe a solution of the homotopy lifting problem for 22 o (pf a x 
id [0 ,i]) : /o*£ x [0, I] ^ B and Jo: / *23 -> 23. £>e/me <? ff : / *£ -» #23 
22{ and pf using the pullback property of f^E. 

Then (gn, id) : /q 23 — > /j*23 zs a /i&er homotopy equivalence and H' is a 
homotopy fi o g H ~ / . 
(zij Let A: A x [0, 1] — > 23 oe a second homotopy fo — fi ■ X — > 23 and 
M: A x [0, 1] x [0, 1] — > 23 be homotopy relative X x {0, 1} between H and 
K . Then M induces a fiber homotopy from gn to gx- 

Let p: 23 — ► 23 be a fibration. Denote by Ft, the fiber p _1 (6) for 6 £ 23. For any 
homotopy class [w] of paths w : [0,1] — » 23 we obtain by Lemma 12.11 a homotopy 
class i([w]) of maps F w ro) — > 20i) called the /icer transport along w. If w and w 
are paths with v(l) = w(Q), then i([if]) o t([v]) = t([v * w]). The constant path c& 
induces the identity on Ft,. We mention that in the situation of Lemma \2 . 1 1| (i) | for 
each x £ X the map Ff r x \ — > Ff x t x \ induced by gn represents the fiber transport 
along the path H(x, — ). 

Definition 2.2. Let p: 23 — > 23 be a fibration, f: X — > 23 6e a map /rom a space 
X to 23 and x E A and o e 23. Let u> : [0, 1] — > 23 be a path from b to f(x). A 
fiber trivialization of f*E with respect to (b,x,w) is a fiber homotopy equivalence 
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Ff( x ) induced by T represents 



T: F b x X — > f*E over X such that the map F b 
the fiber transport t([w]) for p along w. 

Lemma 12.11 implies 

Lemma 2.3. Consider the situation of Definition [Ql Suppose additionally that 
X is contractible. Then 

(i) The exists a fiber trivialization with respect to (6, x,w); 
(it) Two fiber trivializations with respect to (b, x, w) are fiber homotopic; 
(Hi) Let Ti \ F bi x X — > f*E be a fiber trivialization with respect to (bi,Xi,Wi) 
for i = 0, 1. Choose a path v: [0, 1] — ► X from xq to x\. Let t: F bo — > Fb 1 
be a representative of the fiber transport of p along wq * f(v) * Then 
we get a fiber homotopy 

T\o(tx i&x) ^p t T ; 

(iv) Let H : X x [0, 1] — > B be a homotopy /o ~ /j. Let v be the path in B from 
fo{x) to fi(x) given by h(x, — ) and let wq be a path from b to fo(x). Put 
w± = wq * v. Let Ti\ Ft, x X — > /* E be the fiber trivialization for fi with 
respect to (6, x, Wi) for i = 0, 1 and gn ■ fo*E — > f^E be the fiber homotopy 
equivalence of Lemma \2. l\(i)\ Then we get a fiber homotopy over X 

g H o T ~ p/i Ti . 

3. The simple structure on a total space of a fibration 

In this section we explain how the total space of a fibration inherits a simple 
structure from the base space and the fiber. 

Definition 3.1. Let B be a connected CW -complex with base point b £ B . Denote 
by 1(B) the set of open cells of B and by dim(c) the dimension of a cell c G L(B). A 
spider at b for B is a collection of paths w c indexed by c € 1(B) such that w c (0) = b 
and w c (l) is a point in the open cell c. 

Let p : E — > B be a fibration such that B is a path-connected finite CW-complex 
and the fiber has the homotopy type of a finite CW-complex. Given a base point 
b G B, a spider s at b and a simple structure £ on Ff,, we want to construct a 
preferred simple structure 

(3.2) £(M,C)on£ 

as follows. Let B n be the n-skeleton of B and E n = p^ 1 (B n ). We construct the 
preferred simple structure on E n inductively for n = — 1,0,1,.... The case n = — 1 
is trivial; the induction step from (n — 1) to n is done as follows. Choose a pushout 



Ui 



Qi 



^B n 



Choose for i e /„ the point Xi G D n — S n ~ x such that Qi(xi) = Wi(l), where Wi 
is the path with Wi(0) = b associated by the spider s to the cell indexed by i S /„. 
We get from Lemma |2~B1 (i) a fiber trivialization T,: X D n — > Q*E. It yields a 



homotopy equivalence of pairs 

Ti-. F b x (Z^S"- 1 ) -» (Q*E, q*E). 

Equip Q*E and q*E with the simple structures induced by Ti from the product 
simple structure (C x £ can (£>")) on F b x D n and and (C x f C an(5"~ 1 )) on F b x 5 n-1 . 
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By induction hypothesis we have already constructed a simple structure on E n _\. 
Since there is a pushout with a cofibration as left vertical map (see [HI Lemma 
1.26]) 



we can equip E n with the pushout simple structure. Lemma 12.31 (ii) implies that 
the choice of Ti does not matter. 

Notice that the choice of the characteristic maps (Qi, <&) does not belong to the 
structure of a CW-complex. Only the skeletal filtration (X„)„>_i is part of the 
structure and the existence of a pushout as above is required but not specified. 
One can recover the open cells by the path-components of X n — X n _\ and the 
closed cells by the closure of the open cells, but not the characteristic maps Qi. 
Therefore one has to show that the simple structure on E n is independent of the 
choice of these pushouts. This is done by thickening X n _\ into X n . The details of 
the argument are similar to the one given in the proof of [141 Lemma 7.13] and can 
be found in [HI Subsection 3.2]. 

Remark 3.3. If p is trivial, i.e., p: B x F — > B is the projection map, and F is a 
finite CW-complex, then for any spider s, the simple structure £(6, s, £can(-F)) on 
B x F agrees with the product simple structure. 

The dependence of the simple structure on the choice of (6, s, Q) is described in 
the next lemma. Therefore suppose that another choice (&', s', £') has been made, 
with b' G B, s' a spider at 6', and £' a simple structure on the fiber F b i. 

Lemma 3.4. Suppose that B is path- connected. Given a cell c G 1(B), let u c be 
any path in the interior of c from w c (l) to w' c (l), where w c and w' c are given by the 
spiders s and s' , and let v c be the path w c * u c * (w' c )~ . Then the homotopy class 
relative endpoints [v c ] is independent of u c . If we denote by («&')*: Wh(7r(fy)) — > 
Wh(7r(i?)) the homomorphism induced by the inclusion ib> : Fy — > E, the following 
holds in Wh( 7 r(-E')) 

T((E,£(b,s,0)^(E,ab',s',C))) 

= E (-l) dim(c) • {ib')*r{(F b ,0 — (F b ,,(>)) 
ce/(B) 

Proof. This follows from Lemma 11.41 and Lemma 12.31 □ 

Let p: E — > B be a fibration whose fiber has the homotopy type of a finite 
CW-complex. We can assign to it a class 

(3.5) 9(p) G i? 1 (S,Wh( 7 r(£:))) 

as follows. For simplicity we assume that B is path-connected. Given b G B, a loop 
w at b in B and a simple structure £ on F b , we can compute the Whitehead torsion 
of the fiber transport along w 

(i b )*T(t([w]):(F b ,0^{F b ,()) G Wh(n(E)) 



for i b : F b — > E the inclusion. From Lemma 1 1.41 and Lemma 1 2. II one concludes that 
this element is independent of the choice of £ and that we obtain a group homo- 
morphism ni(B,b) -» Wh(7r(£0). It defines an element G(p) G H 1 (B; Wh(7r(E))) 
which is independent of the choice of b G B. 
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Definition 3.6. Let p: E — > B be a fibration whose fiber has the homotopy type 
of a finite CW -complex. We call p simple if Q(p\c) — holds for any component 
C € ttq(B) with respect to the restriction E\c — > C. 

Lemma 3.7. Let p: E — > B be a locally trivial fiber bundle with a finite CW - 
complex as typical fiber and paracompact base space. Then it is a simple fibration. 

Proof. It is a fibration by [27.s page 33]. It is simple, since the fiber transport 
in such a bundle is given by homeomorphisms and the Whitehead torsion of a 
homeomorphism is trivial (see [2])- Q 

Corollary 3.8. Consider the situation of Lemma \3.4\ Assume that p is simple. 
Define 

to := (h>)*r{t: (*&, C) - O), 
where t: F b — > F& is a homotopy equivalence representing the fiber transport t([w]) 
for some path w from b to b' . 

Then To is independent of the choice of w and 

r(id:(£U(M,C))^(£U(&V,0)) = X(B)-T . 

Notation 3.9. Let p: E — > B be a fibration with path-connected finite de- 
complex as base space B such the homotopy fiber has the homotopy type of a 
finite CW-complex. Suppose that p is simple. Then the simple structure s, f) 
of (|3.2[l is independent of the spider s by Corollarv l3.8l and will be denoted briefly 
by £(6,0- 

Corollary 3.10. Letp: E — ► B be a fibration such that B is a path- connected finite 
CW-complex with x(B) = and the fiber has the homotopy type of a finite CW- 
complex. Suppose that p is simple. Then E carries a preferred simple structure. 

The next three lemmas describe the extent of compatibility of our construction 
with fiber homotopy equivalences, pushouts, and pullbacks by simple homotopy 
equivalences. 

Lemma 3.11. Let p: E — > B and p' : E' — > B be fibrations and (/, id): p — > p' 
be a fiber homotopy equivalence. Let b € B be a base point and let s be a spider 
at b. Fix simple structures Q and £' on the fibers F b and F b of p and p' over b. 
Let f b : F b — > F b be the homotopy equivalence induced by f. From f we obtain an 

isomorphism J,: H 1 (B, Wh(n(E))) -=■> H 1 (B; Wh(%(E'))) . 
Then we get 

r(/: (E,£(M,C)) £(M,C'))) = x(B)-{i b )*T(J b : (F b , Q (F 6 ', C')) 5 

e(p') = 7.(e(p)). 

Proof. This follows from Lemma 11.41 and Lemma 12.31 □ 

For the next lemma, the following extension of the notion of a spider from spaces 
to maps will be useful: 

Definition 3.12. Let X be a CW-complex, f: X — > B a map to a path- connected 
space, b G B. A spider at b for f is a collection of paths w c in B , indexed by 
c € L(X), such that w c (0) = b and w c (l) is the image under f of a point in the 
open cell c. 

Remark 3.13. Recall that the choice of a spider is, in general, a necessary in- 
gredient to construct a simple structure on the total space of a fibration. This 
construction can now be generalized: Let p: E — * B be a fibration over a path- 
connected space B, let X be a finite CW-complex, and let /: X — > B be a map. 
Given b 6 B, a spider s for / at b, and a simple structure C on the fiber F b of p 
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over b, the construction of (|3.2p generalizes to the construction of a simple struc- 
ture £(/, b, s, £) on f*E. (Just use the fiber transport over B instead of the fiber 
transport over X.) Of course this is the previous construction (|3.2|) in the special 
case B — X and / = id#. 

This construction will be used in the following situation: Let 

B ^^B, 

i J 



be a pushout of finite CW-complexes, such that B is connected, (B2,Bq) and 
(B,Bi) are CW-pairs, the maps i and j are inclusions, and B is obtained as a 
CW-complex from B\ by attaching the relative cells of (B2, Bq). 

Suppose that p: E — > B is a simple fibration. Let b E B, let ( be a simple 
structure on the fiber Ff,, and denote by £ = £(&, C) the associated simple structure 
on £\ 

Choose any spider s\ for j at &, any spider S2 for $ at 6, and any spider sq 
for j o (j) at fe. Thus we obtain a simple structure £2 = 6, s 2 , C) 011 and 
similarly simple structures £0 and £1 on the corresponding spaces in the following 
diagram: 

(3-14) ^ E \ Bl ),^)-^(E\ Bl ,^) 

i j 

Lemma 3.15. Under the assumptions above the square (|3.14)l is a simple pushout, 
i.e., the pushout simple structure on E agrees with £. 

Proof. As p is simple, we can use any spider for B to construct £. We will make 
use of the following construction of a spider s for B at b out of s\ and S2'. By 
hypothesis, the set of open cells 1(B) of B is a disjoint union 

I(B) = I(B 1 )]ll(B 2 ,B Q ) 

of the set of open cells of B\ and the set of open cells of the relative CW-complex 
(B2,Bq). So we can just take the two collections of paths given by s% and S2 
together to obtain a spider s for B. More precisely, given an open cell c of B, 
define s by letting w c be the corresponding path of si, resp. S2, if c E I(B\), 
resp. c 6/(52, B ) C J(-B 2 ). 

We claim that even if p is non-simple, the square (|3.14p is a simple pushout 
provided we use this particular spider s to construct £ = s, £). 

To prove this claim, we proceed by induction over the dimension of the relative 
CW-complex (i?2, -Bo)- If its dimension is n, let B^ 1 ^ and be the relative 

(n — l)-skeleta. Denote by i'; Bq — > B^™ 1 ^ and i": 1 — > B2 the inclusions, 
and let j': i?i — > i^™ -1 ) and j": ^ 5 be the corresponding inclusions of 

subcomplexes of -B. Denote by <&': Z?2 1 — » i^™ -1 ) the the restriction of Wc 
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obtain the following commutative diagram 



<P*(E\ Bl ) 



(*')*^U(«-0)^-»^IbC»-i) 
<J>' 



Notice that, by restricting s and S2, we obtain spiders on and B% for 

j" and j" o $' at b and hence can endow all the spaces of the diagram with simple 
structures. 

We have to show that for the outer square the simple structure on E agrees with 
the pushout simple structure. One easily checks that it suffices to show that the 
corresponding statement holds for the upper and the lower square. This is true 
for the upper square by induction hypothesis. For the lower square this is a direct 
consequence of the construction of the simple structure on E. □ 

Lemma 3.16. Let f : B' — > B be map of finite CW -complexes. Letp: E — > B be 
a fibration whose homotopy fiber has the homotopy type of a finite CW -complex. 
Suppose that p is simple. Suppose that f : B' — > B is a simple homotopy equivalence. 
Let 

1 



PE- 



PS 



^E 



B' 

be the pullback. For every component C G tto(B') choose a base point x(C). For 
every C S tto(B') equip the fiber (pf)~ 1 (x(C)) with a simple structure C,' c and the 
fiber p^ 1 (/(x(C)) with a simple structure C,c such that 



f\( Pf )-H*(c))-- {(PfrHxiQICc) - (p-HfWC))Uc)) =0. 

Equip f*E and E with the simple structures £' and £ associated to these choices 
in Notation \3Jh Then 



r(f: 0) =0. 

Proof. Recall that a map is a simple homotopy equivalence if it is, up to homotopy, 
a composition of elementary collapses and expansions. Because of Lemma 11.41 we 
can assume without loss of generality that / : B' — » B is an elementary expansion, 
i.e., / is the inclusion of a CW-subcomplex, where B is obtained from B 1 as a 
pushout B — D n+1 Ub» B' , with an attaching map D n — » B' mapping into the 
ri-skcleton and its restriction onto S 1 " -1 mapping into the (n — l)-skeleton. The 
inclusion of D n into D n+1 is given by identifying D n with the upper hemisphere of 
S n . 

By Lemma 13.151 it is enough to show that the inclusion from E\r>n to E\ D n+i is 
simple. The base spaces in these fibrations are contractible; hence we can assume 
by Lemma T3. Ill that the fibrations are products. In that case, by Remark 13.31 the 
simple structures on the total spaces are the product simple structures, and by the 
product formula the claim follows from the fact that the inclusion D n — » D n+1 is 
simple. □ 
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Remark 3.17. Let p: E — > B be a simple fibration over a path-connected base 
space B carrying a simple structure 77, and suppose we are given a simple structure 
( of the fiber over a point b. Notice that Lemma 13.161 gives us the possibility 
to define a simple structure on the total space E: Choose a finite CW-model 
/: X — > B representing n and consider the pullback structure map /: f*E — > E. 
We can arrange by possibly changing / up to homotopy that b = f(x) for some 
x G X. Then f*E carries the simple structure £(x, £); give E the simple structure 
for which the torsion of / vanishes. We are going to denote this simple structure 

Let M be a closed topological manifold. Then, by Kirby-Siebenmann [HI Es- 
say III, Theorem 4.1 on page 118], there is a preferred simple structure 

(3.18) £ Top (Af) on M, 

which is defined by considering any triangulated closed disc bundle over M; The 
simple structure on the disc bundle obtained from the triangulation induces the 
preferred simple structure on M via the retraction onto M. This simple structure 
agrees with the one obtained by any triangulation or by any handlebody decompo- 
sition (more generally what they call TOP s-decomposition) of M, whenever they 
exist (see O Essay III, Theorem 5.10 on page 131 and Theorem 5.11 on page 132]). 

Lemma 3.19. Let F — > M — > B be a locally trivial bundle of closed topological 
manifolds with path connected B. Then we get: 

©(p) = 0; 

e° p (M) = t(e° p (B),b,e° p (F)), 

where £(£ Top (B), 6, £ Top (F)) has been defined in Remark \^T!\ 

Proof. We have already proved ®{p) = in Lemma 13.71 Moreover, if the bundle 
happens to be globally trivial, then the simple structure £(M,b,£ Top (F)) agrees 
with £ t °p(B x F) by Remark EH 

Consider now the general case. We need not take care of the base point b, as 
the torsion of every fiber transport is zero (see Corollary 13. 8[) . First suppose that 
dim(.B) > 6. Then there exists a handlebody decomposition 

[HI Essay III, §2], and proceed by induction over k. If k = 0, then the bundle is 
trivial, and the claim follows. For the induction step, consider the pushout which 
attaches to B^ a handle H to get Bk+i- By Lemma f3 . 1 5 1 the pushout 

(E\„nB k , m T ° p (H n B k ), b, e° p (F))) > (E\ Bk , £(£ T °P(5 fe ), b, £ t °p(F))) 



(E\ H ,ae° p (H),b,e° p (F))) > (E\ Bk+1 ,ae° p (B k+1 ),b,e° p (F))) 

is also simple. Here, the simple structures of the left column agree with the preferred 
structures as the bundles are trivial; by induction hypothesis, the same is true for 
the upper right space. Now the above pushout is one of the equivalent methods in 
[H Essay III, §5] to give E\B k+1 its preferred simple structure € Top (E\B k+1 )- Hence 
the two structures on E\s k+1 agree. 

We still have to treat the case where dim(i?) < 5. Take a 1-connected closed 
topological manifold N with dim(A^) > 6 and x(JV) = 1, e.g., (CP 2 x CP 2 )tf4(,S* 3 x 
S 5 ). Now apply what we have already proved to the fiber bundle M x N — > B x N 
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which is the product of the original bundle by the identity map on N. This leads 
to the equality 

(3.20) £ Top (A2 x N) =£(£ Top (£ x N),(b,n),Z Top (F)) 

for any n G N. It is not hard to check that the right hand side of (|3.20p coincides 
with £ (£ To p(2?),6,£ To p(F)) x £ t °p(7V). Since dim(2V x £) > 6, we get 

(M,e° p (M)) -> (M,t(e° p (B),b,e° p (F)))) 

(M,e° p (M)) -> (M^(f T °P(B),6,C Top (F)))) -x(N) 

(M x N 7 £_ Top (M) x £, Top (N)) -> (M x AT, £(£ Top (2J), 6, ^(F))) x £ T ° P (^0) 
(M x N,£ Top (M x iV)) (M x iY,£(£ Top (.B x AT), (6, n), £ Top (F))) 



r(id 
r(id 
r(id 
r(id 




by Lemma 11.41 (iv) □ 

4. Turning a map into a fibration 

Let /: X — > B be a map. Let FIB(/) be the subspace of X x map([0, 1], B) 
consisting of pairs (x,w) which satisfy w(0) = f(x). Let /: FIB(/) — > 23 be the 
map sending (x, w) to u>(l). Let Ay : X — > FIB(/) be the map which sends iglto 
(a;, Cj^)) for Cf( x ) the constant path at f(x) in B. Denote by \Xj : FIB(/) — » X the 
map (x, u>) i— > x. Then /: FIB(/) — > B is a fibration, A/ is a homotopy equivalence 
and / o A/ = /, /U/ o A/ = id, / ° A*/ — / and \f o (j,f ~ id [571 Theorem 7.30 on 
page 42]. The fiber of /: FIB(/) — > 2? over 6 is called the homotopy fiber of / over 
b and denoted by hofib(/)fe. 

Lemma 4.1. (%) If f: E B is already a fibration, then A/: 23 — * FLB(/) 

is a fiber homotopy equivalence over B; 
(ii) If H : X x [0,1] is a homotopy, f ~ g: X — > B, then it induces a fiber 
homotopy equivalence 22: FIB(/) — > FIB(g). 



Proof, (i) see J27J Theorem 7.31 on page 43]. 

Juj\H sends (x, to) G FIB(/) to (x, v) G FIB(g) for the following path v. [0, 1] -» 2? 

2J(x, 1-2*) < t < 1/2; 
to(2*-l) 1/2 < £ < 1. 

□ 



«(*) 



5. Fiber torsion obstructions 

Definition 5.1 (Fiber torsion obstructions). Let f:M—t-B be a map of closed 
topological manifolds for path- connected B. Suppose that for some (and hence all) 
b G B the homotopy fiber hofib(/);, has the homotopy type of a finite CW -complex. 

(i) Define the element 

e(/)G// 1 (i?;Wh(^(M))) 

to be the image of 0(f) under the isomorphism H 1 (23; Wh(7r(FIB(/)))J — > 
H 1 (23; Wh(7r(M))) induced by the homotopy equivalence fif: FIB(f) — > 
M; 

(ii) Suppose that 0(/) vanishes. Let(nfoib)*: Wh(7r(hofib(/)b)) — > Wh(?r(M)) 

be the map induced by the composite hofib(/)f, FIB(/) — ^> M . Define 
the fiber torsion obstruction 

Tfib(/) G cok( X (2?) • (ji f o i 6 ), : Wh(7r(hofib(/) 6 )) - Wh(7r(M))) 
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to be class for which a representative in Wh(7r(Af)) is the image of the 
Whitehead torsion 

r(A /: (Af,£ T °P(M))^(FIB(/U(&,C))) 

under the isomorphism (/it/)*: Wh(7r(FIB(/))) — > Wh(7r(M)) for some 
choice of a base point b E B and a simple structure £ on hofib(/){,. 

Remark 5.2 (Independence of the base point b G B and the simple structure 
on ( on hofib(/) 6 )). Notice that the image of Wh(7r(hofib(/) 6 )) -> Wh(?r(M)) is 
independent of the choice of b E B. Namely, let b' be another base point. The 
fiber transport along some path w from b to b' defines a homotopy equivalence 
t w : hofib(/)h — » hofib(/){,/ such that the composites /i/ o i b and fif o i b , o are 
homotopic and hence induce the same map on Whitehead groups. Hence 

cok( X (B) • (fi f o i b ), : Wh(^(hofib(/) 6 )) -> W1i(tt(M))) 

is independent of the choice of 6 G 

Next we show that Tfib(/) is a well-defined invariant of / if 0(/) vanishes. We 
have to show that the choice of a base point b E B and of a simple structure C on 
hofib(/)(, does not matter. (We already know that the choice of spiders does not 
play a role.) Suppose we have made a different choice of a base point b' £ B and 
of a simple structure of (f on hofib(/)b'. Then we get from Lemma ri.4l|(ii)| 



r(A /: (M,C Top (M)) - (FIB(/U(&',C'))) 

-r(A j: (M,C Top (M))^(FIB(/),^,C))) 

= r(id: (FIB(/)^(&,0) (FIB(/), £(&', C'))) • 

Now apply Corollary [ 



Theorem 5.3. Let f ' : M — > B be a map of closed topological manifolds for path- 
connected B. Then 

(i) The element 0(/) depends only on the homotopy class of f. If 0(f) 
vanishes, then the same statement holds for the fiber torsion obstruction 

Tib (/); 

(ii) If f is homotopic to a map g: M — > B which is the projection of a locally 
trivial fiber bundle with a closed topological manifold as fiber, then both 
0(f) and TfibCO "vanish. 



Proof, (i) Let H : M x [0, 1] — » B be a homotopy between / and g. Then the fiber 



homotopy equivalence H : FIB(/) — > FIB(g) over ids constructed in the proof of 



Lemma [4. II (ii) has the property that the composite M FIB(/) —* FIB(g) is 



homotopic to X g : M —> FIB(g). Lemma [3.111 implies that the isomorphism 

fl-^idsiWhWij))): i^CBiWh^FIBCO))) ^ i/ 1 (B; Wh(^(FIB(.g)))) 

sends 8(f) to 0(g). Hence 8(f) — 6(g) since homotopic maps induce the same map 
on Whitehead groups. 

Now suppose 8(f) = 0. Hence the fibrations /: FIB(/) — > B and g: FlB(g) — > 
i? are simple. Fix a base point b E B and a simple structure £ on FIB(/)b. 
Equip FIB(g){, with the simple structure £' for which the homotopy equivalence 
FIB(/)i, — > FIB(g)b induced by is simple. Let s be any spider for i? at &. We 
conclude from Lemma EHH that t(H: (FIB(/), £(b, s, 0) -> (FIB( 5 ), ^(6, s, C'))) 
vanishes. This implies rgb(/) = T"fib(3) since homotopic maps induce the same 
map on Whitehead groups and we have already shown that the definition of r^b is 
independent of the choice of the base point b, the spider s and the simple structure 

C- 
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(ii) Let j be a fiber bundle nomotopic to /. By assertion (i) 0(/) = 0(g)- The 



fibration associated to g is, by Lemma 14.11 (i) fiber homotopy equivalent to g, so 
Lemma [3.111 allows us to compute 0(g) directly from the bundle g. Lemma [3.191 
implies that 0(g) = 0. Now the same arguments show that Tfib(/) = 7"fib(<?)> and 
T fi b(s) = 0. □ 

Remark 5.4. Let / : M — ► B be a map of closed topological manifolds for path- 
connected B. If \(B) happens to be zero and 0(f) vanishes, the invariant defined 
in Definition I5JJ lives in 



(5.5) Tfi b (/) G Wh(7r(A0). 

In other words, if x(-B) = 0, then FIB(/) carries a preferred simple structure £ by 
Corollary 13 . 1 01 and the element Tfi b (/) is the image of the Whitehead torsion of the 
mapA: (M,£ Top (M)) -> (FIB (/), £) under the isomorphism (/*/)* : Wh(7r(FIB(/))) 
-► Wh(7r(M)). 

Example 5.6. Let /: M — > B be a map of closed topological manifolds for path- 
connected B and M. Suppose that for some (and hence all) b G B the homotopy 
fiber hofib(/)b has the homotopy type of a finite CW-complex. Suppose that the 
Whitehead group of the kernel of i^i(f) ■ it\(M) — * fti(B) is trivial. This is the case 
if 7Ti(/) is bijective. Then 0(/) vanishes. 

This follows from the long exact homotopy sequence of FIB(/) — > B which 
implies that under the conditions above the map Wh(7r(hofib (/){,)) — > Wh(7r(M)) 
is trivial. 



6. Base space S 1 

In this section we consider the case, where the base space is the one-dimensional 
sphere S 1 , i.e., we consider a map 

/: M -> S 1 

from a connected closed manifold M to S 1 whose homotopy fiber has the homo- 
topy type of a finite CW-complex. In this special situation we can find a single 
obstruction Tg b (/) which carries the same information as our previous invariants 
0(/) and Tfib(/) and has a nice description in terms of mapping tori. rjab(/) agrees 
with the obstruction r(f) defined in [5]. 

We begin with the definition of T fib (/). Let e: R — ► S 1 , Sh exp(2irit) be the 
universal covering of S . We abbreviate the homotopy fiber over e(0) by F := 
hofib(/) e( o ) =FIB(/) e(0 ). 

Equip S 1 with the CW-structure whose 0-skeleton is e(0) and whose 1-skeleton 
is S 1 . Let s be the spider based at e(0) which is given by the constant path at e(0) 
for the 0-cell and by the path w: [0, 1] — ■> S 1 sending t to ex-p(irit) for the 1-cell. 
Equip FIB(/) with the simple structure £(e(0), s, Q defined in (|3.2p for any choice 
of simple structure ( on F. Because of Lemma [3~4l the simple structure £(e(0), s, C) 
is independent of the choice of C and we will write £(e(0), s). Then 

(6.1) rUf) G Wh(7T(M)) 

is defined to be the Whitehead torsion of the canonical homotopy equivalence 
fXf. FIB(/) — > M with respect to the simple structure £(e(0),s) on FIB(/) and 
the simple structure associated to the structure £ Top (M) of a closed topological 
manifold on M, 

In the sequel we identify H 1 (S 1 ;Wh(Tr(M)) = Wh(?r(M)) using the standard 
generator of tti(S 1 ) = Hi(S 1 ) = Z represented by the identity map id: S 1 — > S . 
In particular 0(/) becomes an element in Wh(7r(M)). 
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Complex conjugation defines an orientation reversing self-diffeomorphism 

con: S 1 — > S 1 , z ^~z. 



Lemma 6.2. 

(i) We have 

(it) IfQ(f) = 0, then 



e(/) = ^ b (/)-T^ b (cono/); 
T-fib(Z) = r^ b (/); 



(in) We have r£ b (/) = if 6(/) = and r fib (/) = hold. 



Proof, (i) Let s be the spider on S 1 with base point e(0) which is given by the 
constant path at e(0) for the 0-cell and by the path w: [0, 1] — * S 1 sending t to 
exp(7rii) = exp(— nit) for the 1-cell. Obviously Tg b (con of) is the Whitehead torsion 
of the canonical homotopy equivalence fif : FIB(/) — > M with respect to the simple 
structure £(e(0), s) on FIB(/) and the simple structure associated to the structure 
of a closed manifold on M. Hence we conclude from Lemma ri.4l|(ii)| 

7^ b (cono/)-^ b (/) = r(id: (Fm(/),£(e(0),3)) -> (FIB(/), £(e(0), a))). 

Now the claim follows from Lemma T3. 41 and the definition of ©(/)■ 



(ii) This follows from the definitions. 



(iii) This follows from assertions (i) and (ii) 



Remark 6.3 (Mapping tori). Given a self-map v: Y 
T v by the pushout 

id 1 1 id 



□ 

Y, define its mapping torus 



cyl(u) - 

where the left vertical arrow is the inclusion of the front and the back into the 
mapping cylinder. This corresponds to identifying in7x [0, 1] the point (y, 0) with 
(v(y), 1) for all y € Y. 

If Y has the homotopy type of a finite CW-complex, we can choose a simple 
structure on Y and equip cyl(u) with the simple structure such that the back 
inclusion is a simple homotopy equivalence. Equip the mapping torus T v with the 
pushout simple structure (see Section [T]) . This simple structure is independent of 
the choice of the simple structure on Y by Lemma ll.4l Hence a mapping torus of a 
self-map of a space with the homotopy type of a finite CW-complex has a preferred 
simple structure which we will use in the sequel without any further notice. 

Let Yi and Y2 be homotopy equivalent spaces of the homotopy type of a finite 
CW complex. Consider self-homotopy equivalences Vi : Yi — > Yi for i = 1,2 such 
that V2 o u ~ uov\ for some homotopy equivalence u : Y\ —*Yi. Choose a homotopy 
h: i>2 u ~ u o v\. Then h induces maps cyl(«i) — > cyl(u2) and T u ^ \ T Vl — > T V2 . 
The homotopy class of the latter map depends on the choice of u and h, but not 
its Whitehead torsion. Namely, Lemma 11.41 implies 



Consider the pullback 



T\T u ,h ■ T Vl 



M ■ 



T V2 ) = 0. 



-> M 



^S 1 
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of / with the universal covering e. Consider the map l\ : M — > M, induced by 
the action of 1 G Z = 7Ti(S' 1 ) by deck transformations. Since e o li = e, the map 
M x [0, 1] — > M sending (x,t) to e(x) induces a homotopy equivalence 

e: T,, -> M. 

Lemma 6.4. PFe get 

= e,(r(/ i: M^M)); 

7fib(/) = r(e:T Zl ^M), 

where we use the preferred simple structures on the mapping torus Ti t and on the 
closed manifold M , and any simple structure on M . 

Proof. There is an explicit homotopy equivalence 

h:M^F, 

which sends x G M to (e(x), w) e F for the path w(t) = exp {2mf(x){l -t)). Let 
t: F — > F be given by the canonical fiber transport along the standard generator 
of S . It sends a pair (x,w) € F to the pair (a;, w * v) for the path v — e| ro,i] • W° 
have by definition 

e(/) = (ji/oi)„(T(t:F->F)) 

for any choice of simple structure on F, where i; F — > FLB(/) is the inclusion and 
jU^? : FIB(/) — > M is the canonical map. We have h o ?i = toh. Lemma [L^l implies 
that for any choice of simple structure on M 

©(/) = (m/o*o/i).(t(Ji: M-»M)). 
Since e = /i/oio/i,we conclude 

e(/)=S.(r(li:M-»M)). 

Define 

a' : F x [0, 1] -» FIB(/), ((*, w), s) ~ {x, w s ), 
where w s is the path sending s' £ [0, 1] to 

w f s v=H (s + 1)s ') o< s '<itt; 

sK J ' \exp(2^( S '(s + l)-l)) 5^ <s' <1. 
The following diagram commutes 

Fx [0,1]-2L»FIB(/) 

pr / 

[0, i] — - — > s 1 

The map a' induces over the identity F — ► F and over 1 the map i: F — > F. 
Hence the map a' induces an explicit homotopy equivalence 

ai T t ^FIB(/). 

By definition 

T-£ b (/)=T( M /°a:lWM). 
Since ft, o li = to h, the map h induces an explicit homotopy equivalence 

0: T h -»T,. 

We conclude from Remark 16.31 

T J Bb (f) = T(i*foaof3:T h ^M). 
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Since e = fif o a o (3, we conclude 

TUf)=r(e:T h ^M). □ 

7. Gluing /i-cobordisms 

In this section we consider the illuminating example of a map M — ► S 1 which is 
obtained from gluing the two ends of an /i-cobordism together. 

Let (W, doW, d\W) be a topological ft.-cobordism, i.e., a closed manifold W 
whose boundary is the disjoint union dW = doW\\d\W such that both inclu- 
sions ik : dkW — > W are homotopy equivalences. Its Whitehead torsion 

(7.1) t[W) 6 Wh(d W) 

is defined by the image of the Whitehead torsion r(«o : 8qW — > W) under the 
isomorphism Wh(7r(W A )) Wh(ir(d W)) induced by i^ 1 . Let g: diW — > 
be a homeomorphism. Let W" 3 be the closed topological manifold obtained from 
W by gluing d\W to 3qW by 5. Choose any continuous map /': W — > [0, 1] with 
/'(W = {0} and /'(W) = {1}. Let 

be the map induced by /'. Since [0, 1] is convex, f g is unique up to homotopy. 
Let I: doW — > W s be the obvious inclusion. Let u>i : 7Ti($oW) — » {±1} be the 
orientation homomorphism of 8qW. The wi-twisted anti-involution on the group 
ring Z[7Ti(9 W^)] is given by 

geiri(doW) ge^i(doW) 

Let 

*: Wh(7r(9 VK)) -> Wh(7r(5 W)) 

be the induced involution. It corresponds geometrically to turning an ft,-cobordism 
upside down [TS1 §10]. Namely, if W* is the /i-cobordism with the roles of 3qW and 
d\W interchanged, we get (see Duality Theorem on page 394]) 

T(W) = (-l)dim(9o^) . (il) -l *( T (WQ). 

Lemma 7.2. Let 

*: Wh(7r(W s )) Wh(ir(W g )) 

be the wi(W g ) -twisted involution, where wi(W g ) : ni(W g ) — > {±1} is fie orientation 
homomorphism of W g . Then: 

(i) We have 

©(/<,) - Z*(tQ7 O ij" 1 O »„)) = ((-l)dim(W) . , + id ) /,( r (W)); 

(m,) We have 

r'M) = (-l) dim ^ • * o |,( T (W)) = h(r(W)) - Q(f g ); 
(in) IfQ(fg) = 0, then 

rsbUg) = -Ur(W)). 

(iv) The following assertions are equivalent: 
(a) U{t{W)) = 0; 

P>) 7flb(/«) = °; 

(cj Q(f g ) = and T Rh {fg) = 0. 
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Proof, (i) Since 8qW is part of the boundary of W, we get wi(W g ) o tti(1) — 
wi(doW). Hence Z*: Wh(7r(9 W / )) — > Wh(7r(W s )) is compatible with the involu- 
tions. 



Consider the pullback 



W a 



K > S 1 

of fg with the universal covering e. Notice that W g is obtained from W x Z by 
identifying (g(x), n) and (a;, n+1) for x <E 9iW and n 6 Z and the map Zi : W s — > W ff 
is induced by the map (a;, n) i— > (x, n+1). The inclusion 1 : 8qW — > W g lifts uniquely 
to an inclusion 7: 8qW — > Wg which satisfies e o 7(Wg) = {0} and is a homotopy 
equivalence. In the model above this corresponds to sending x to (x, 0) for x G do W. 
Now 

®(fg) = l*(r(goi- 1 oio)) 
with respect to the simple structure on 9qPF coming from the structure of a topo- 



logical manifold follows Remark 16.31 and Lemma lG. 41 since (goi 1 o z ) ~ Z oliol 



Now the assertion (i) follows from 



l*(i~(g o ij 1 o i )) = l*(r(g)) + (Z o g)*(r(i 1 1 )) + (Z og o ij 1 )»(r(i )) 

= - Z* o (iq)- 1 o (ii), o (iij-^r^i)) + Z* o (ioJ^Orfo)) 

= I. (-(to);" 1 ° (ii). o (ii)^ 1 ^!)) + (io)*" 1 ^))) 

= I, (_(_l)dim(9 W) . *(r(W)) + T{W)) 

= U o((-l) d W)-*+id)(T(W)) 

= ((-l)dim(W) .* + id ) o/,(t(W)). 



(ii) Consider the commutative diagram 



d n Wi- 



idTJ g°n 1 °io 



gWLI<9oW- 



id 



id U ij 1 oi 



cWf- 



idOfl 



«0 U «'l 



-> d W x [0, 1] 

fto(i Xid[o,i]) 

>w 



where j: d W\[d W = d W x {0, 1} -> <9 W x [0, 1] is the inclusion, i^ 1 : W -> 
9iW is a homotopy inverse of ii and Zi: id^/ ~ ii o i^ 1 is some homotopy. The 
pushout of the upper row is the mapping torus T goi -i oig . The pushout of the lower 

row is W g and the structure £ Top (W s ) on the closed manifold W g is just the pushout 
of the simple structures. All vertical arrows are homotopy equivalences. We obtain 
a homotopy equivalence 

We conclude from Remark 16.31 and Lemma 16.41 since lo [g o i^ 1 o i ) ~ Zi o 7. 



^ b (/ 9 )=r(A). 
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Let pr: W 
assertion 



W g be the canonical projection. We conclude from Lemma 11.41 



(i) and the diagram above 

rL(f 9 ) = r(X) 

= -(proi 1 )4r(i ] ; 1 o i )) + pr Jlt (r(/i o (i x idp.i]))) 

= -(proi 1 )„(r(ij; 1 )) - (pro£ x o ^ 1 )„(t(« )) + pr m (r(h)) 

+(pr o/i)»(r(i x id[ ,i])) 
= (proii oi ] ; 1 )»(T(ii)) -pr„(r(i )) + pr, (r(id w )) +pr at (r(i )) 
= (proi )* o (i~ 1 o i x o ii 1 )^^)) 



(-l) dimidoW) ■ h o *(t(W)) 
(-l) dimidoW) ■ * o h( T (W)) 
U(r(W))-e(f g ). 



(iii) This follows from Lemma 16.21 (ii) and assertion (ii) 



(iv) This follows from assertions (i)|(ii) and (iii) 



□ 



Hence 0(/) and Tab(f) are given in terms of t(W). The map induced by I on the 
fundamental groups can be identified with the inclusion of ni(doW) into the semi- 
direct product ni(doW) X0 Z = ■K 1 (W g ), where (j> is the automorphism of TT 1 (doW) 
induced by g o i^ 1 o i . The map ?*: Wh(7Ti(W)) — > Wh(7r(W 9 )) is injective if 
= id but not in general. So it can happen that the /i-cobordism W is non-trivial 
but both elements 0(/ 9 ) and rgb(/ g ) vanish. Moreover, for a fixed /i-cobordism 

the answer to the question whether 0(/ 9 ) or rgb(/ a ) vanishes, does in general 
depend on TTi(g). 



8. Comparison with Farrell's obstruction over S 

In this section we show in the case of 5* 1 as base space that the torsion obstruc- 
tions defined in this article are equivalent to the ones defined by Farrell [5]. As in 
the paper [S] we will work in the smooth category in this section. 

Throughout this section we consider a map 

/: M^S 1 

from a connected closed smooth manifold M to S 1 such that its homotopy fiber has 
the homotopy type of a finite CW-complex, the homomorphism 7Ti (/) : 7Ti (M) — » 
tti(S 1 ) is surjective and the dimension of M is at least five. Let G be the kernel 
of 7i"i(/). Choose an element t G tt\{M) which is sent under TVi(f) to the stan- 
dard generator of the infinite cyclic group 7Ti(S' 1 ). Conjugation with t induces an 

automorphism a: G — >■ G. We obtain an isomorphism Gx„Z ^> ni(M) which 
is the identity on G and sends 1 S Z to t G 7Ti(M). We will use it to identify 
G M a Z = 7ri(M). 

A splitting of M with respect to / is a pair (JV, ^) such that N is a closed 
submanifold of M of codimension one together with a framing v of the normal 
bundle such that under the Pontrjagin Thorn construction v corresponds to /. 
Such a splitting can be obtained by changing / in its homotopy class to a smooth 
map which is transversal to {e(0)} £ S 1 and taking N to be the preimage of e(0). 
If we take out a tubular neighborhood of N in M, we obtain a cobordism Mm with 
two boundary components OqMn = N to diM^ = N. A splitting is called a pseudo 
fibering if (Mjv, doMjy, dxMjA is an ft,-cobordism. We use the convention that going 
from OqMn to 8\Mn corresponds to going in the circle in the anticlockwise sense. 
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Farrell [51 Chapter III] introduces an element c(f) G G(ZG;a) which depends 
only on the homotopy class of /. It vanishes if and only if there exists a pseudo 
fibering (see [5j Chapter V]). Farrell Chapter IV] constructs a duality isomor- 
phism G(ZG; a) ^> G(ZG; a" 1 ) which sends c(/) to c(cono/). Hence the vanishing 
of c(f) is equivalent to the vanishing of c(cono/). 

Farrell Chapter I] defines amapp: Wh(Gx Q Z) — » C(ZG, a). By inspecting a 
highly connected splitting one sees that it sends Tg b (/) to c(f) (see [5j Lemma 3.7]). 
In particular the vanishing of 7g b (/) implies the vanishing of c(f). 

Now suppose that c(f) is trivial. Then we can find a pseudo fibering (N, v) for /. 
Recall that associated to it is an ft-cobordism Mjv obtained from M by deleting a 
tubular neighborhood of N. Its Whitehead torsion t(Mm) lives in Wh(7r(<9o-Mjv)). 
Let i : 8qMn — * M be the inclusion and pr : Wh(G) — ► Wh(G)<S> Q Z be the canonical 
projection. Then Farrell [SJ Chapter VI] defines 

t(/) e Wh Q (G) := Wh(G) ® a Z 

to be the image of t(Mjv) under the map pr oi„ : Wh(9oMjv) — > Wh(G) <g> a Z. The 
inclusion G — > G XI a Z induces a map 

j : Wh(G) ® Q Z -> Wh(G x Q Z) 

which is injective by [5J. 

The identity on V yields a diffeomorphism g: OqMn 8\Mn and we can 
consider in the notation of Section [7] the manifold (Mjv) 9 together with a up to 
homotopy well-defined map /': Afjy - * S . We can construct a diffeomorphism 
ip: (M]y)g — > M such that up to homotopy / o ^ = Now we conclude from 
Lemma l7T^1|(ii) | that the injective map j: Wh(G) ® a Z — > Wh(G x Q Z) sends r(/) 
to (— l) dlm ( vv ) • *(r^ b (/)). Hence r(/) vanishes if and only if Tg b (/) vanishes. 

Thus we have shown that the vanishing of Tg b (/) implies the vanishing of the 
obstructions c(/) and r(/) of Farrell. Exploiting the main theorem of Farrell [5] 
that c(f) and r(f) vanish if and only if / is homotopic to a smooth fiber bundle, 



we conclude from Theorem 15.31 (ii) Lemma 17.21 (iv 



Theorem 8.1. Let f : M — > S 1 be a map from a connected closed smooth manifold 
M to S 1 such that its homotopy fiber has the homotopy type of a finite CW -complex, 
the homomorphism %i(f): tti(M) — > tti(S 1 ) is surjective and the dimension of M 
is at least five. Then the following assertions are equivalent: 

(i) Tg b (/) vanishes; 
(ii) 0(f) and rg b (/) vanish; 
(Hi) c(f) and r(/) vanish; 
(iv) f is homotopic to a smooth fiber bundle. 

Remark 8.2. Siebenmann [2[| Section 1] says that the main theorem of Farrell [5j 
and hence Theorem 18 . 1 1 hold also in the topological category. 



9. A COMPOSITION FORMULA 

In this section we want to to express Tf^(g o /) in terms of Tsb(f) and Tfi b (<7). 

Let /: M — > N and g: N — > B be maps of closed path-connected manifolds. As- 
sume that the homotopy fibers of both / and g have the homotopy type of a finite 
GVF-complex. Then the same is true for the composite go f since there is a fibration 
hofib(/) -> hofib( 5 o /) -» hofib( 5 ). So the elements 0(/) € H 1 (N, Wh(?r(M))) , 
0(g) G H 1 (N,Wh(Tr(N))) and 0(g o /) e H 1 (B; Wh(7r(M))) are defined. As- 
sume that 0(f), 0(g) and 0(g o /) vanish. We obtain fiber torsion obstructions 
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(see Definition 15. 1[) 

TfibCf) G cok(x(J\0-(/*/°v)*: Wh(7r(honb(/)))^Wh(7r(M))); 

Tfib(ff) S cok( X (S) ■ ( Ms o i g ) m : Wh(7r(hofib( 5 ))) -> Wh(7r(JV))) ; 

TfibG? o /) G cok( X (B) ■ (jigof o z 3 o/)* : Wh(7r(hofib(.g o /))) -» Wh(^(M))) , 

where if,i g and i go / denote the inclusions of the homotopy fibers over z G -/V or 
/(z) £ 2? respectively for a fixed base point z G TV. 

Given a simple fibration p: E ^ B over a finite CW-complex one can define a 
transfer map 

(9.1) p*: Wh(-B) -> Wh(£) 

as follows, provided that the fiber is homotopy equivalent to a finite CTU-complcx. 
For simplicity assume that B is path connected, the general case is then done 
componentwise. Given an element u> G Wh(7r(B)), choose a finite CW-complex X 
together with a homotopy equivalence / : X — ► B such r(/) = u. Consider the 
pullback diagram 

f'p 

X^B 

Choose a point x G X. Let f(x) G B be its image under /. Choose a simple 
structure on the fiber of E over f(x). Use the same simple structure £ on the 
fiber of p*E over £. We obtain well-defined simple structures £(a;, £) on and 
£(/(ar),C) on J5 (see Notation []L9| . Now define 

p» = r(/: (p*25, (£(x, 0) - (25, (£(/», 0)) • 

This is a well-defined homomorphism because of Lemma II. 4[ Lemma 13.151 and 
Lemma 13.161 By construction the transfer is compatible with pullbacks and by 
Lemma f3 . 1 1 1 with fiber homotopy equivalences. More information about this trans- 
fer map including its algebraic description and computational tools can be found 
for instance in [TT], [12] and [T3] . 
We obtain a transfer map 

/*: Wh(7r(AT)) -> Wh(?r(M)) 

from the transfer associated in (|9.ip to the fibration /: FIB(/) — > N and the iso- 
morphism (/it/)* : Wh(7r(FIB(/))) ^ Wh(7r(M)) induced by the homotopy equiv- 
alence /j,f : FIB(/) — > M . Since the transfer is compatible with pullbacks and fiber 
homotopy equivalences, the transfer induces a map, also denoted by /*, 

(9.2) /* : cok( X (A0 • (p g ° i g )* : Wh(7r(hofib(.g))) -» Wh(vr(7V))) 

-► cok( X (B) • (/i 9o/ o i fl0/ ), : Wh(^(hofib(.g o /))) -► Wh(^(A/))) . 

Since x(2V) = x(Af) • x(2?), the element Tfib(/) defines an element Tfib(/) G 
cok( X (B) • (/x 9o/ o i w ), : Wh(^(hofib( 3 o /))) -» Wh(vr(M))). 

Theorem 9.3. Under the conditions above we get 

7-fib(5°/)=r fib (/)+r(r fib ( 5 )) 

in cok( X (S) • ( %o/ o i flo/ ), : Wh(^(hofib(.g o /))) -> Wh(7r(M))) . 
If we additionally assume x(-B) = 0, we get 

r fi b(5o/)=T fib (/)+r(r fib (5)) 

m WIi(tt(M)). 
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Proof. Consider the following commutative diagram 




D 



Here //* / : //* FIB(/) -> FIB(g) is the pullback of the fibration / : FIB(/) -> TV with 
/i g : FIB (5) — * JV and is an appropriate fiber homotopy equivalence of fibrations 
over B from go fi*f to g o f such that li go f ^ is homotopic to fTj oJT^. Since g o f 
is simple, the fibration g o /j,*f is also simple 

We equip M, N and B with canonical simple structure coming from the manifold 
structure. 

Choose simple structures on hofib(/), hofib(<?), hofib(g o /) and the fiber of 
the fibration given by the composite jo /j,*f. We equip the total spaces of the 
simple fibrations over finite CW-complexes g: FIB(g) — > B, f : FIB(/) — > N, 
jo/: FIB (5 o /) — > B and jo /i*/: /i*FIB(/) — > _B with the simple structure 
coming from Notation 13.91 

Since is a fiber homotopy equivalence, we conclude from Lemma 13.151 

rtf) = 

in cok( X (B) • ( Mso/ o i gof )„ : Wh(7r(hofib(.g o /)) Wh(7r(M))). 

There is a second simple structure on fj,* FIB(/) which comes from Remark 13.171 
applied to the fibration fj,* f : fj,* FIB(/) — > FlB(g) and the simple structure defined 
on FIB(g) above. With respect to this simple structure we conclude from the 
definition of the transfer maps 

/*(t(m S )) = (M/)*(t(mF)). 

These two simple structures on p? FIB(/) are not necessarily the same. But a 
modification of the proof of Lemma 13.111 and Lemma 13.151 show that the image of 
the Whitehead torsion of the identity map on \i* FIB(/) under the isomorphism 

(M/°MF)*: Wh(7r( M ;FIB(/))) -^Wh(M) 

with respect to these two different simple structures becomes zero when regarded 
in cok(x(£?) • {p> go f igof)* '■ Wh(7r(hofib(,g o /)) — > Wh(7r(M))) . Hence it does not 
matter which simple structure we use. 

From the composition formula for Whitehead torsion and the equalities above 
we conclude in cok(x(B) • (AV/ ° igof)* ■ Wh(7r(hofib(g o /))) — > Wh(7r(M))) 

vab(9°f) = r(ji go f) 

= T(ji go f) + (/i 9 o/)*(r(«/>)) 

= T(fl gof O(j)) 

= r(/i/o/^) 

= r(/i/) + (m/)*(t(7%)) 

= r( M/ )+r(T(/x s )) 

= 7fib(/) + /*(7*bG0). D 
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10. POINCARE TORSION 

The definitions and probably most of the properties of the Poincare torsion are 
known to the experts but since we could not find a good reference in the literature, 
we elaborate on them in this section. Some information can be found for instance 
in [TU1 Proposition 26]. 

Let X be a finite CW-complex. Suppose that X is connected. Denote by tt 
the fundamental group ni(X). Let p: X — > X be the universal covering. Denote 
by C»(X) the cellular Z7r-chain complex. Let C n ~*(X) denote the dual Z7r-chain 
complex, where we always use the involution on Itt sending g to w(g)-g~ 1 for a given 
homomorphism w: tt\{X) — » {±1}. We call X an n- dimensional Poincare complex, 
if there exist a so called orientation homomorphism w = w\{X): tt\{X) — > {±1} 
and an element called fundamental class [X] £ H n (X; Z 10 ) and such that the up to 
Z7r-chain homotopy uniquely defined Z7r-chain map 

(10.1) -D[X]:C n -*(X)^C*(X) 

is a Z7r-chain homotopy equivalence. Here and in the sequel 7L W is the Z7r-module 
whose underlying abelian group is Z and for which g £ tt acts by multiplication 
with w(g). If a finite CW-complex carries some structure of a Poincare complex, 
then H n (X; Z 10 ) is infinite cyclic and the fundamental class [X] is a generator and 
hence unique up to sign, and one can rediscover the orientation homomorphism w 
from X as a CJWcomplex (see [151 paragraph before 1.3]). 

If X is not connected, we require that each component C £ ttq(X) is an n- 
dimensional Poincare complex in the above sense. 

Let (X, dX) be a finite CW-pair such that X is n-dimensional and dX is (n — 1)- 
dimensional. Suppose that X is connected. Denote by tt the fundamental group 
tti(X). Let p: X — > X be the universal covering and put dX = p~ 1 (dX). De- 
note by C*(X) and C»(X, dX) the cellular Z7r-chain complexes. Let C n ~*(X) and 
C n ~*(X, dX) denote the dual Z7r-chain complexes, where we always use the involu- 
tion on Z-7T sending g to w(g)-g^ 1 for a given homomorphism w : tti(X) — > {±1}. We 
call {X, dX) a n-dimensional Poincare pair, if there exists a so called orientation 
homomorphism w — wi(X): tti(X) — > {±1} and an element called fundamental 
class [X, dX] £ H n (X, dX;Z w ) such that the up to Z7r-chain homotopy uniquely 
defined Z7r-chain map 

(10.2) -n[X,dX}:C n -*(X)^C4X,dX) 

is a Z7r-chain homotopy equivalence and dX is a Poincare complex with respect 
to the fundamental classes of each component of dX coming from the image of 
the fundamental class of X under the boundary homomorphism H n (X, dX; Z w ) — > 
H n - X {dX-7L w ). 

If X is not connected, we require that for each component C £ -kq{X) the pair 
(C, C n dX) is an n-dimensional Poincare pair in the sense above. (To simplify no- 
tation, we use the symbol w for the orientation homomorphisms on all the Poincare 
complexes and pairs occuring.) 

The chain complexes C n ~*(X) and C*(X, dX) inherit from the CW-structure 
a cellular Z-7r-basis which is unique up to permuting the elements of the basis 
or multiplying with elements of the form ±g for g £ tt. Hence one can asso- 
ciate to the Z7r-chain homotopy equivalence defined in (|10.2[) its Whitehead torsion 
T[(l[X, dX]) £ Wh(7r). Since X is connected and hence H°(X) = Z, we get from 
Poincare duality that H n (X, dX;Z w ) = Z and [X, dX] must be a generator. If we 
replace [X,dX] by -[X,dX], we get r(- n (-[X,dX])) = r(- n [X,dX]) since 
the Whitehead torsion satisfies the composition formula r(g o /) = r(/) + r(g) and 
r(-id) = 0. 
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Definition 10.3. Let (X,dX) be an n- dimensional Poincare pair. If X is con- 
nected, define its Poincare torsion 

p(X,dX) e Wh(7rp0) 

by the Whitehead torsion r(- n [X,dX]: C n ~*(X) ~> C*{X,dX)) for any choice 
of fundamental class [X,dX] G H n (X,dX;7* w ). 
If X is not connected, define 

p(X,8X) G Wh(TTpQ) = Wh(7r(C)) 

by the various elements p(C,C f] dX) G Wh(7r(C)). 

We call an n-dimensional Poincare pair (X, dX) simple if p(X, dX) = 0. 

Next we collect the basic properties of this invariant (see also [23 Proposi- 
tion 2.7]). Notice that because of Theorem 110.41 (ii) we can extend the Defini- 
tion [Tirn] of p(X, A) to pairs of spaces (X, A) with simple structures for which there 
exists a simple homotopy equivalence (X, A) —> (Y, dY) with a finite Poincare pair 
as target. This applies in particular to (X, A) — (M, dM) for a compact topological 
manifold M with boundary dM. 

Theorem 10.4. (i) If X is an n-dimensional Poincare complex, then 

p(X) = (-l) n -*(p(X)), 

where *: Wh(7r(X)) — > Wh(7r(X)) is the w±(X) -twisted involution. 
More generally, we get for an n-dimensional Poincare pair (X,dX) 

tiox)«(p(dX)) = (-l)».*(p(X,dX))-p(X,dX), 

where jgx ■ dX X is the inclusion; 
(ii) If(f,df): (X,dX) — > (Y,dY) is a homotopy equivalence of n-dimensional 
Poincare pairs, then 

p{Y,8Y) - U(p(X,dX)) = r(f) + (-1)" • *(r(/)) - (j dM )* (r(df)) , 

where /» : Wh(n(X)) -> Wh(7r(F)) and (j dM )* ■ Wh{n{dY)) -> Wh(n(Y)) 
are the homomorphisms induced by f : X — > Y and the inclusion jqm ■ dY — > 
Y, r(/) G Wh(?r(F)) and r{df) G Wh(7r(<9y)) denote the Whitehead tor- 
sion of the homotopy equivalences of finite CW -complexes f and df, and 
*: Wh(7r(y)) — > Wh(7r(F)) is the w\{Y)-twisted involution; 
(Hi) Let (X,dX) and (Y,dY) be n-dimensional Poincare pairs such that X 
and Y are connected. Let f : dX —* dY be a homotopy equivalence. Let 
XUfY be the space obtained by gluing XtoY along f . Denote by jx ■ X — > 
XUfY, jy ■ Y — > XUfY andjdY- dY XUfY the canonical inclusions. 
Then X UfY is a connected n-dimensional Poincare complex and 

p(XUfY) = (-lT-*o(j x )*(p(X,dX)) + (j Y )«(p(Y,dY)) 

+ (iar)*(r(/)), 

where *: W1i(tt(Z U/ Y)) -> W1i(tt(Z U f Y)) is the w 1 {Z U f Y) -twisted 
involution. 

(iv) Let (X,dX) resp. (Y, dY) be am- resp. n-dimensional Poincare pair such 
that X and Y are connected. Then 



(X, dX) x (Y, dY) = (X x Y, X x dY U dX x Y) 
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is an (n + m) -dimensional Poincare pair with 

P ((X,dX)x(Y,dY)) = X (X,dX).(k Y )*(p(Y,dY)) 

+ X (Y,dY).(kx)*(p(X,dX)), 

where kx ■ X — > X x Y and ky : Y — > X x Y are the inclusions and \ 
denotes the Euler characteristic; 
(v) Let M be a compact topological manifold (possibly with boundary dM). 
Then 

p(M, dM) = 0. 



Proof, (i) The Z7r-chain map — (~l [X] : C n *{X) — > C*(X) is self-dual in the sense 
that it is Z7r-chain homotopic to the one obtained from — n [X] by applying the 
functor C n ~* and the obvious identification {C n '*(X)) n -* = C*(X). This follows 
from the fact the chain map — n [X] is the zeroth part of a cocycle in the Q™-group 
associated to C*(X) (see [HI Section 1 and Proposition 2.1]). This implies 

p(X) = r(- n [X]) = r(C n -*(- n [X])) = (-1)" • *(r(- D [X])) = (-1)" •*(/>(*))■ 

The case of a pair is more complicated. For the definition of the mapping cylinder 
and cone of a chain map and the basic properties of these we refer for instance to [HI 
page 213 ff.]. We have the short based exact sequences of finite based free Z7r-chain 
complexes 

o -» C4dx) ±> c*{x) ^ c*{x,dx) -» o. 

and 

-> C n -*(X,dX) C™-*(X) C n "*(9X) -> 0. 
We obtain short based exact sequences of finite based free Z7r-chain complexes 

-> C*(X) ^> qrl(p») cone( P>t ) -» 

and 

-> Y.C*(dX) cone(p*) cone(C*(Z, -> 0. 

Since the chain map 0* — > cone(C*(X, dX)j is a simple Z7r-chain homotopy equiv- 
alence, the chain map 

k* : T,C*(dX) cone(p*) 

is a simple chain Z-7r-chain homotopy equivalence. 

Analogously we get short based exact sequences of finite based free Z7r-chain 
complexes 

C"-*(X,aX) cyl(p"-*) cone(p"-*) -> 

and 

-► cone(C""*(A ; ,9X)) cone(p™-*) ^ C"-*(dX) -> 

and 

s*: cone(p n -*) ^ C n ~*(dX) 

is a simple chain Z7r-chain homotopy equivalence. 

We obtain an up to chain homotopy commutative diagram of finite based free 
Z7r-chain complexes 

C n ~*{X,dX) — — >c n -*(x) 



-n[x,dx] 



-n[x,ax] 
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Actually there is a preferred chain homotopy which is unique up to higher ho- 
motopies coming from the cocycle in the <5™-group associated to C*(X) (see [TU 
Section 1 and Proposition 2.1]). Hence we obtain up to chain homotopy unique 
chain maps a* and (3* making the following diagram with based exact rows com- 
mutative 



0- 



-+C n -*(X,dX) >cyl(p"-*) ^-^cone(p™-*) 



->0 



-n[x,dx] 
>C*{X) 



-» cyl(p* 



P. 

-> cone(p* 



->0 



Additivity of the Whitehead torsion implies 

p(X,dX) = T (-n[X,dX]: C n -*(X) -> C,(X,dX)) 

= (-1)" • * (r(- n [X,dX] : C n -*(X,dX) -» C,(Jf))) 
= (-l)».*(r(a.)-TC80). 
Moreover, we obtain a commutative diagram 

C n -*{X)^^cy\(jp n -*) 

-n[X,8X] «» 

>cyl(p,) 

where u* and u* the canonical inclusions and simple chain homotopy equivalences. 
From the composition formula for Whitehead torsion we conclude 



P (x,dx) 



r(a*). 



Finally we obtain an up to chain homotopy commutative diagram with simple 
homotopy equivalences as rows 



cone(p™ - *) 

P* 

cone(p*) f- 



s(-n[9X]) 



*(<9A) 



■EC*(<9A) 



From the composition formula for Whitehead torsion we conclude 

Uax)M9X)) = r(- n [dX]) = -r(S(- n = -r(&)- 

This implies 



(j ax )*(p(dX)) 



= -AM 

= (-l) n -*(p(X,dX))-T(a*) 

= (-l) n .*(p(X,dX))-p(X,dX). 



This finishes the proof of assertion (i) 



(ii) Obviously it suffices to treat the case, where X and Y are connected, the general 



case follows componentwise. Choose the fundamental classes such that H n (f,df) 
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maps [X, dX] to [Y, dY] . Then the following diagram of Z7r-chain complexes com- 
mutes where we identify tt = tti(X) = tti(Y) by 7Ti(/) 



C n ~*(X) <- 



c—*(/) 



C*-*(Y) 



n[x,dX] 



n[Y,dY] 



— C.(/,9/) 

c. (x, ax) > c„ (y , ar) 

The composition formula for Whitehead torsion implies 

p(Y,dY) = r(C4f,df))+p(X,dX) + T(C n -*(f)). 
We get from additivity and the definitions 

r(C4f,df)) = r(f) - (j a y)*(r(9/)); 
C n -*(f) = (-l) n -*(r(/)). 



Now assertion (ii) follows 



(iii) Define Z by the pushout 



>dY 




Then (/,/): (X, dX) — » (Z, dY) is a homotopy equivalence of pairs of spaces. 
In the sequel we treat only the case, where X and hence also Z are connected, 
the general case follows by inspecting the individual components. The pair (/, /) 
induces a base preserving isomorphism of cellular Z[7r] -chain complexes 

C,QJ): C*(X,dX)^C*(Z,dY), 

where we identify tt = tti(X) = m(Z), X — > X and Z — > Z are the universal 
coverings and dX and 9Y are obtained by restriction to dX and dY. In particular 



r(C*(/, /)) = 0. We conclude from assertion (ii) and the composition formula and 
additivity of Whitehead torsion. 

p(Z, dY) - p{X, dX) 
= r(7) + (-l)".*(r(7))-(j a r),r(/) 

= (r(7) - (Jay)*(r(/))) + (-1)" • *(r(/) - (iar)*(r(/)) + (j^)*(r(/))) 

- r(C*(/J)) + (-1)" • *(r(a(7,7) + (iay)*(r(/))) 
= (-l) n -*°(iar)*(r(/)). 



There is an obvious homcomorphism X Uf Y 
show 



Z U^y Y. Hence it remains to 



(10.5) P (ZU 9Y Y) = {-l) n -*o(j z )*(p{Z,dY))+{j Y )*(p{Y,dY)), 

where jz- Z — > Z Ugy Y and jy'- Y — > Z Ugy Y are the canonical inclusions. In the 
following let Z Ugy Y — > Z U^y Y be the universal covering. Denote by X — » X, 
Y — > Y, <9Y — » <9Y the restriction of it to Y, X and dY. Notice that the these are 
not necessarily the universal coverings. By excision we obtain an isomorphism 



H n {Z, dY; V) © H n (Y, dY; Z w ) ■=* H n {Z U 9Y Y, dY; Z w ). 
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The boundary homomorphisms H n (Y, dY; Z w ) -> H n ^(dY; Z w ) and H n (Z, dY; Z w ) 
H n -i(dY;Z w ) are injective and we can arrange such that [Y,<9Y~] and [Z,dY] are 
mapped to [dY]. The Mayer- Vietoris sequence yields an exact sequence 

- H n (Z U dY Y; Z w ) - H n (Y; dY: Z) H n {Z, dY; Z w ) -» H n ^(dY; Z w ). 

Let [Z Uay Y] be the unique element in H n (Z Ug Y Y;Z w ) which is mapped to 
([Z,dY], [Y,dY]). Then [Z U dY Y] generates the infinite cyclic group H n (Z U 9Y 
Y; Z) and we obtain a commutative diagram of based free Z7r-chain complexes 
whose vertical maps are the Poincare duality chain homotopy equivalences and 
whose rows are based exact sequences of finite based free Z7r-chain complexes. 



^C n -*{Z,dY) >C n -*(ZU dY Y) >C n -*(Y) >0 



-D[Z,dY] 



-n[zu gY Y} 



-n[YMY] 



> C,(Z) > C*{Z U dY Y) > C*{Y, dY) > 

Additivity of the Whitehead torsion implies that Whitehead torsion of the middle 
vertical arrow is the sum of the Whitehead torsions of the left and of the right 
vertical arrow. The Whitehead torsion of the right vertical arrow is by definition 
(Jy) tt (p(Y,dY)) and the Whitehead torsion of the middle arrow is p(Z Ug Y Y). If 
we apply C n ~* to the left arrow, we obtain 

-D[Z,dY}: C n -*(Z) -> C*(Z,dY) 

Hence Whitehead torsion of the left arrow is (—1)™ • * ° (jz)*\T(Z ) dY)). This 
proves (|10.5p and hence assertion (ii 



(iv) follows from the product formula of Whitehead torsion and the Kiinneth iso- 



morphism 

C4X 7 dX)®C^Y,dY) C^((X,dX)x{Y,dY)); 
C m -*{X)®C n -*{Y) C n+m -*{X^Y), 
which are compatible with the various Poincare chain duality maps. 



(v) Kirby-Siebenmann Essay III, Theorem 5.13 on page 136]) prove that there 
is a simple homotopy equivalence of pairs (M, dM) — > (X, dX) for a simple finite 
Poincare pair (X, dX). This finishes the proof of Theorem 110.41 □ 

Denote by H n (Z/2, Wh(vr)) the Tate homology of Z/2 with coefficients in WIi(tt) 
with respect to the involution * introduced above. Explicitly 

H n (Z/2, Wh(?r)) = {x e Wh(7r) | *x = (-1)" • x}/{y + (-1)" • *y \ y E Wh(7r))}. 

Let X be a space which has the homotopy type of a finite n-dimensional Poincare 
complex. Let / : X — > Y be any homotopy equivalence to a finite n-dimensional 
Poincare complex Y. The Poincare torsion p(Y) G Wh(7r(Y)) satisfies p(Y) — 



(-1)" ■ *p(Y) by TheoremH04|(i)|and hence defines a class in H n (Z/2, Wh(7r(F))). 
Denote by 

p(X) 6 ff n (Z/2;Wh(7r(X))) 

the image of p(Y) under the bijection H n (Z/2; Wh(7r(Y))) H n (Z/2; Wh(?r(X))) 
induced by / — 1 . This is independent of the choice of /: X — > F by Theo- 



rem 110.41 (ii) 



Definition 10.6. Given a space X of the homotopy type of a finite n-dimensional 
Poincare CW -complex we call 

p(X) 6 ff"(Z/2;Wh(7r(X))) 
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the Tate- Poincare torsion of X. 

We conclude from Theorem 110.41 and the definitions. 

Theorem 10.7. (i) If f: X — > Y is a homotopy equivalence of spaces of 

the homotopy type of finite n- dimensional Poincare complexes, then the 
induced isomorphism H n (Z/2,Wh(iv(X))) H n (Z/2, Wh(7r(Y))) maps 
p(X) to p(Y); 

(ii) Let {X, dX) be a Poincare pair. Let ]qm ■ dX — > X be the inclusion. Then 
the map 

(fax)*: H n {Z/2,Wh(ir(dX))) -» H n (Z/2, Wh(7r(X))) 

induced by jqm sends p(dX) to zero; 
(Hi) Let X resp. Y be a space of the homotopy type of a connected m- resp. Tri- 
dimensional finite Poincare complex. Then X x Y has the homotopy type 
of a connected finite (m + n)- dimensional Poincare CW -complex and 

p(X xY) = X (X) ■ (k Y )*(p(Y))+ X (Y) ■ (k x )*(p(X)), 

where kx : X ^ X xY and ky : Y — > X x Y are the inclusions; 
(iv) If X has the homotopy type of an n-dimensional closed topological man- 
ifold, then X is homotopy equivalent to a simple n-dimensional Poincare 
complex and in particular 

p(X) = 0; 

(v) Let X be an n-dimensional Poincare complex. Then it is homotopy equiv- 
alent to a simple n-dimensional Poincare complex if and only ifp(X) = 
holds in H n (Z/2,Wh(X)). 



Proof, (i) This follows from Theorem 110. 4l[(Ti) 



(ii) This follows from Theorem 1 10. 41 (i) 



(iii) This follows from Theorem 110.41 (iv) 



(iv) This follows from Theorem 110.41 (v) and assertion (i 



(v)] Since p(X) = in H n (Z/2, Wh(X)), we can find y £ Wh(X) with -p(X) = 
y+ (—l) n *y. Choose a finite CW-complex Y together with a homotopy equivalence 
/: Y — > X satisfying r(/) = y G Wh(X). Then we conclude p(Y) = from 



Theorem dn3(ii) □ 



Remark 10.8. Let f:M — > N be a map of closed manifolds. Suppose that M 
and N are connected. Suppose that the homotopy fiber hofib(/) has the homotopy 
type of a finite CW-complex. Then we have the fibration of spaces of the homotopy 
type of finite CW-complexes 

hofib(/) FIB(/) -> N 

such that the total space has the homotopy type of a finite Poincare complex and 
the base space is a finite Poincare complex. We conclude from [S] that also the 
homotopy fiber has the homotopy type of a finite Poincare complex. Hence we can 
define 

(10.9) pXf) - ?(hofib(/)) ei/"(Z/2,Wh(vr(hofib(/))). 

Suppose that / is homotopic to a map p: M — > N which is the projection of a 
locally trivial fiber bundle with a closed manifold F as fiber. Then the homotopy 
fiber hofib(/) of / is homotopy equivalent to F. Theorem 110.71 implies 

p(hofib(/)) = 0. 
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Hence we have besides the obstructions appearing in Definition 15.11 another torsion 
obstruction for / to be homotopic to a bundle projection. 

11. Connection to the parametrized A-theory characteristic 

The element 0(/) defined here is a shadow of the parametrized A-theory char- 
acteristic, as defined by Dwyer- Weiss- Williams [4 . In this section we give a sketch 
of the relationship. 

The parametrized >l-theory characteristic x(p) is defined for any fibration E — > 
B with homotopy finitely dominated fibers and can be understood as a section of the 
fibration obtained from p by applying the (connective) j4-theory functor fiberwise. 
We are going to write 

/ A B {E) v 
X{p)&^y l J=:H°(B;A(F b )), 

thinking of this as the zeroth cohomology of B with twisted coefficients in the 
spectrum A(F b ) (where Fb denotes the fiber of p over b). 

The natural transformation A(X) — > Wh PL (X) induces a map H°(B; A(F b )) — > 
H°(B;Wh PL (F b )); denote the image of x(p) by Wall(p), the parametrized Wall 
obstruction. Dwyer- Weiss- Williams show the following: 

Theorem 11.1. The fibration p is fiber homotopy equivalent to a bundle of compact 
topological manifolds (possibly with boundary) if and only i/Wall(p) = 0. 

Therefore, if a map / : M — > B between manifolds is homotopic to a fiber bundle, 
then Wall(p) is defined and vanishes, with p: E — > B the fibration associated to /. 
There is an Atiyah-Hirzebruch type spectral sequence 

E™ =HP(B;7T- q Wh PL (F b )) J?*+*(B; Wh PL (F b )), 

where the cohomology on the left hand side is ordinary cohomology with twisted 
coefficients in the system {b h-> tt_ 9 Wh PL (F b )}. Denote by Pi Wh PL (F b ) the first 
Postnikov approximation of Wh PL (F 6 ), such that tt„Pi Wh PL (F 6 ) = for n > 2. 
The Atiyah-Hirzebruch spectral sequence reduces to the exact sequence 

Q^H\B;-k x Wh PL (F b )) -+H°(B;P 1 Wh PI '(F b )) H°(B;w Wh PL (F b )) ^ 0. 

Denote by P 1 Wall(p) the image of Wall(p) in H°(B; P 1 Wh PL (F b )). 

Proposition 11.2. (i) The image o/PiWall(p) in 

H°(B;n Wh PL (F b ))^ k (Z[m(F b , b)])^ B ^ 

[b]£TT B 

consists of the Wall obstructions of the fibers over every path component 
ofB; 

(ii) Suppose that all the fibers have the homotopy type of a finite CW -complex. 
The lift ofP 1 Wall(p) to H l (B; m Wh PL (F b )) maps to Q(p) under the map 

H l (B;%xWh PL (F b )) -> H 1 {B-Ti 1 ^h PL {E)) = H l (B\ Wh(7r(£))) 

induced by the inclusion. 



Proof, (i) This assertion mainly depends on the fact that the path component of 
the unparametrized A-theory characteristic gives the unreduced Wall obstruction 
(which follows rather easily from the linearization map to K-Vaeoiy). 



(ii) One needs to show that a simple structure on a space X is the same thing as a 
(homotopy class of a) lift of x(X) to an "excisive characteristic" x % (A) G A % (X), 



OBSTRUCTIONS TO FIBERING A MANIFOLD 



31 



and that the naturality of the A-theory characteristic for homotopy equivalences 
allows to describe the Whitehead torsion with respect to these lifts. 

Then observe that Waldhausen's description of the A-theory assembly map 24 
defines a canonical excisive characteristic for finite CW complexes. The equiva- 
lence of the algebraic and the geometric definition of the Whitehead group [3J §21] 
implies that the corresponding simple structure is just the canonical one. Once 
one has identified Waldhausen's excisive characteristic with the excisive character- 
istic \^{X) defined by Dwyer- Weiss- Williams for compact ENRs X (in the case 



where both are defined) , assertion (ii) follows by the construction of the short exact 



sequence. □ 

Remark 11.3. In unpublished work [25], Weiss- Williams considerably strengthen 
the ^4-theory characteristic to a so-called LA-theory characteristic, defined for a 
finitely dominated Poincare duality space. There is a corresponding parametrized 
version taking values in H°(B; LA(Fb)) in our notation. Let p be a fibration with 
Poincare duality spaces as fibers, such that the dimension of the base is small 
compared to the formal dimension of the fibers. The image of the parametrized 
L^4-theory characteristic of p in the cofiber of the Lj4-theoretic assembly map is 
"almost" the total obstruction for p to be fiber homotopy equivalent to a fiber 
bundle of closed topological manifolds. 



12. Some questions 

Let f:M—>N and g: N — ► B be maps of closed path-connected manifolds. 
Assume that the homotopy fiber of both / and g has the homotopy type of a finite 
CW-complex. Then the same is true for the composite gof since there is a fibration 
hofib(/) -> hofib(.go /) hofib(g). So the elements Q(f) G H 1 (N, Wh(?r(M))) , 
B(g) G H 1 (N, Wh(n(N))) and G(g o /) G H 1 (B; Wh(n(M))) are defined. 

Question 12.1. What is the relation between <d(g o /), 0(/) and 0(g)? 

Question 12.2. If N is aspherical, what are the other obstructions besides the 
torsion obstructions presented in this paper for / to be homotopic to a bundle 
projection? 

Notice that in the case B = S 1 there are no other obstructions because of 
Theorem O 

Question 12.3. Suppose that M and N are aspherical. Is then the homotopy fiber 
a closed manifold? 

The question may have a positive answer in favorite circumstances because of 
the following remarks. Suppose that the Farrell-Jones Conjecture for algebraic K- 
and L-theory with arbitrary coefficients is true for the fundamental group of E. 
(This is known to be true for a large class of groups.) Assume that the difference 
of the dimensions of E and B is at least six. Moreover, assume that the resolution 
obstruction of Quinn (see [H]) vanishes for all aspherical closed ANR- homology 
manifolds. (There is no counterexample to this assumption known to the authors.) 
Then one can deduce that the homotopy fiber is homotopy equivalent to a closed 
topological manifold and this closed topological manifold is unique up to homeo- 
morphism (see [I]). 

Question 12.4. Suppose that M and N are aspherical. Are there any obstructions 
for p being homotopic to a bundle projection of a locally trivial bundle, or for weaker 
notions, such as block bundles? 
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Quinn developed a technique addressing the block bundle case of this question 
in [171 Section 1]. Using Quinn's technique a partial result on the block bundle 
question was obtained in [2 Theorem 10.7]. 
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